Spontaneous radiation emitted from relativistic electrons undergoing betatron motion in a plasma focusing channel is analyzed and applications to plasma wakefield accelerator experiments and to the ion channel laser (ICL) are discussed. Important similarities and differences between a free electron laser (FEL) and an ICL are delineated. It is shown that the frequency of spontaneous radiation is a strong function of the betatron strength parameter a β , which plays a similar role to that of the wiggler strength parameter in a conventional FEL. For a β > ∼ 1, radiation is emitted in numerous harmonics.
I. INTRODUCTION
The propagation of electrons beams through plasmas is relevant to a variety of advanced accelerators [1] - [5] and novel radiation sources, such as the plasma-focused free electron laser (FEL) [6] - [10] , the plasma-wiggler FEL [11] , [12] , the ion-ripple laser [13] , and the ion-channel laser [14] . Recent experiments that explore the interaction of an intense electron bunch with a plasma include the plasma wakefield accelerator (PWFA) experiment at Argonne National Laboratory [3] , the E-150 plasma lens experiment at Stanford Linear Accelerator Center (SLAC) [4] , and the E-157 PWFA experiment at SLAC [5] . In the E-157 experiments, a 30 GeV electron beam of 2 × 10 10 electrons in a 0.65 mm long bunch is propagated through a 1.4 m long lithium plasma with an electron density up to 2 × 10 14 cm −3 . The electron bunch propagates through the plasma in the so-called blowout regime [15] , i.e., the initial beam density is greater than the plasma density. In this regime, the head of the bunch expels the plasma electrons and leaves behind a nearly uniform ion channel.
The bunch length and plasma density are chosen such that the blown-out plasma electrons come crashing back to the axis near the tail of the bunch, thus driving a very large axial electric field, on the order of several hundred MV/m, that can accelerate the electrons in the tail of the bunch. The blow-out regime of the PWFA can be viewed as a short-bunch version of the ion-focused regime of electron beam propagation [16] - [19] . The "ion-focused regime" is a phrase traditionally applied to describe the propagation of long (compared to the plasma wavelength) electron beams in a plasma and, hence, these beams are subject to the electron-hose instability [20] - [23] .
One consequence of operating in the blowout regime of the PWFA is that the main body of the electron bunch resides in the nearly uniform ion channel, since the plasma electrons are blown out to approximately the plasma skin depth, k −1 p = c/ω p , which is typically much greater than the bunch radius, where ω p = (4πn e e 2 /m e ) 1/2 is the plasma frequency and n e is the electron plasma density. Associated with the ion channel are very strong transverse fields, on the order of several thousand Tesla per meter, that subsequently focus the body 2 of the electron bunch. Since the initial beam radius (50 − 100 µm) is much greater than the matched beam radius (∼ 5 µm), the beam radius will undergo betatron oscillations as it propagates through the plasma [5] , [14] . In the blowout regime, the radial space charge electric field [5] is E r = (em e /c 2 )k 
Likewise, in the blowout regime, the betatron wavelength is λ β = (2γ) 1/2 λ p , where γ is the relativistic factor of the electron and λ p = 2π/k p is the plasma wavelength, which can be written as
Time-integrated optical transition radiation has been used to study the transverse beam profile dynamics in the E-157 experiments [24] , [25] , where up to three betatron oscillations of the beam radius have been observed [25] , [26] .
In addition to the blowout regime of the PWFA, an accelerated electron bunch will experience transverse focusing forces in typical plasma-based accelerators, such as the laser wakefield accelerator (LWFA) [1] . For example, in the linear regime of the LWFA, the wakefield is often described by an electrostatic potential of the form Φ = Φ 0 exp(−r 2 /r
where r p is the radius of the wake and is proportional to radius of the drive beam. Notice that the axial electric field E z = −∂Φ/∂z and the radial electric field E r = −∂Φ/∂r are phased such that there exists a π/2 region of axial phase k p (z − ct) that is both accelerating and focusing. An electron residing off-axis will undergo radial betatron oscillations about the axis due to the transverse focusing force of the wakefield. As an electron undergoes betatron oscillations in a plasma focusing channel, it will emit synchrotron radiation [14] , [27] , [28] (see Fig. 1 ). In the limit of a small amplitude betatron orbit, i.e., an electron displaced slightly from the axis, the wavelength of the synchrotron radiation is λ = λ β /2γ 2 . For plasma-based accelerators, this can easily be in the hard X-ray range, e.g., in the E-157 experiment, λ β ∼ 0.8 m and γ = 6 × 10 4 , such that λ ∼ 0.1 nm. Preliminary observations of X-rays generated by this mechanism at 6.4 keV have been reported in the E-157 experiments [29] .
The betatron motion in a focusing channel also forms the basis of the ion channel laser (ICL) [14] . In the ICL, radiation at the resonant wavelength λ = λ β /2γ 2 can feed back on the electron beam, leading to axial bunching of the beam, and coherent amplification of the radiation. The amplification process is analogous to that in a free electron laser (FEL), with the betatron motion analogous to the electron motion in an FEL wiggler [30] . It has been suggested that the ICL mechanism can further enhance the spontaneous synchrotron radiation in the E-157 experiments [31] , thus leading to partially coherent radiation near 0.1 nm. It is necessary that the details of the single particle synchrotron radiation in a plasma focusing channel be well understood, in order to assess the prospects for the generation of self-amplified spontaneous emission (SASE) in an ICL.
The ICL differs from other FEL concepts in that no external magnets, cavities, or slow wave structures are required for amplification. In particular, the ICL differs fundamentally 4 from the plasma-focused FEL [6] - [10] , in which the FEL interaction is based on the wiggler magnet (with period λ w ) and radiation is emitted at the resonant wavelength λ = λ w /2γ 2 .
In the conventional plasma-focused FEL, the plasma acts primarily to provide transverse focusing of the electron beam and the plasma density is sufficiently low such that λ β λ w .
The advantage of the ICL is that a wiggler magnet is no longer required, since the plasma serves to both focus the electron beam and to provide a resonant interaction for radiation
Experiments on the ICL have been carried out by Whittum et al. [32] in the microwave regime. These experiments used a 0.75 MeV, 100 ns, 3.4 kA electron beam propagating through a plasma of density 4×10 10 cm −3 (λ β 40 cm) at a channeled radius of 1 cm. Input radiation at 9.4 GHz was amplified from 20 kW to several hundred kW after propagating 2.8 m through the plasma. In these experiments, the betatron strength parameter (discussed below) was a β < 0.5.
In this article, spontaneous radiation emitted from an electron undergoing betatron motion in a plasma focusing channel is analyzed starting from basic principles. Application of these results to the E-157 experiment and to the ICL are examined. Important similarities and differences between SASE in an FEL and in an ICL are delineated. It is shown that the spontaneous radiation emitted along the axis of a plasma focusing channel from a single electron occurs near the resonant frequency ω n = 2γ
is the relativstic factor for the electron entering the channel, n is the harmonic number, ω β = ck β = 2πc/λ β is the betatron frequency, a β = γ z0 k β r β is the betatron strength parameter, and r β is the amplitude of the betatron orbit. The role of the betatron strength parameter a β is analogous to that of the wiggler strength parameter a w (or K w ) in FEL physics. In Ref. [14] , the ICL was considered only in the limit a The remainder of this article is organized as follows. Section II discusses the motion of a single electron, as well as of the radius of an electron beam, in a plasma focusing channel. In Sec. III, the synchrotron radiation from a single electron in a plasma focusing channel is analyzed, including derivations of the general radiation spectrum for arbitrary a β , as well as asymptotic expressions valid in the a 2 β 1 limit. Section IV discusses the total power radiated and the electron energy loss. In Sec. V, the radiation spectrum from a round (axisymmetric) electron beam is analyzed, as obtained by averaging the single electron spectrum over a Gaussian radial beam profile. Section VI discusses applications to the ion channel laser. A summary discussion is presented in Sec. VII.
II. ELECTRON MOTION IN PLASMA FOCUSING CHANNELS

A. Single Particle Orbits
The electron motion in a plasma focusing channel is governed by the relativistic Lorentz equation, which may be written in the form
whereΦ = eΦ/m e c 2 is the normalized electrostatic potential of the focusing channel, u = p/m e c = γβ is the normalized electron momentum, and
the relativistic factor. Here only the transverse focusing force of the plasma is considered.
Near the axis, r 2 r 2 0 , the space charge potential is assumed to have the form
such that the normalized radial electric field isÊ r = −∂Φ/∂r = 2Φ 0 r/r 2 0 , whereΦ 0 and r 0 are constants. The electrostatic potential is related to the electron plasma density by 6 p (n e /n 0 − 1), where a uniform background of plasma ions of density n 0 is assumed.
The maximum focusing field occurs when the plasma electrons are completely expelled (blown out) from the channel, n e = 0. Notice that in the blowout regime,
Equation (4) implies the existence of two constants of the motion, du z /dt = 0 and
Inside the focusing channel, the electron orbits are given by
where
, and r β is the amplitude (assumed constant)
of the betatron orbit. Note that at the maximum excursion of the betatron orbit, u ⊥ (r = r β ) = 0. Assuming the electron orbit lies in the (x, z) plane, the orbit is given bỹ
is the betatron wavenumber, β z0 = u z0 /γ z0 and z 0 is a constant. Equations (8)- (11) 
The matched beam radius r b = r i = r bm for which 
III. SYNCHROTRON RADIATION
The energy spectrum of the radiation emitted by a single electron on an arbitrary orbit r(t) andβ(t) can be calculated from the Lienard-Wiechert potentials [34] ,
where d 2 I/dωdΩ is the energy radiated per frequency, ω, per solid angle, Ω, during the interaction time, T , and n is a unit vector pointing in the direction of observation. Using the betatron orbits given above, the radiation spectrum can be calculated with conventional techniques [36] - [38] . It is convenient to introduce spherical coordinates (r, θ, φ) and unit vectors (e r , e θ , e φ ), where x = r sin θ cos φ, y = r sin θ sin φ, z = r cos θ, and e r = sin θ cos φ e x + sin θ sin φ e y + cos θ e z ,
Identifying e r = n, gives
n ·r =x sin θ cos φ +ỹ sin θ sin φ +z cos θ.
The scattered radiation will be polarized in the direction of n × (n ×β). Hence,
where I θ and I φ are the energies radiated with polarizations in the e θ and e φ directions, respectively, i.e.,
In the following, the electron orbit is assumed to reside in the (x, z) plane, and is given by Eqs. (8)- (11). Hence,
where k = ω/c and ψ 0 = −kz 0 cos θ. Using the identity
9 where J n are Bessel functions, allows the phase factor exp [i(ψ + k β ct)] to be written as
In order to evaluate Eqs. (21) and (22), it is necessary to evaluate the integralŝ
Using the orbits, Eqs. (8)- (11), along with the identities in Eqs. (28) and (29), giveŝ
where L = cT and
Assuming that the frequency spectra for two different harmonics, n and n , are sufficiently well separated, the summations in Eqs. (34) and (35) may be simplified to yield
and 1, the radiation spectrum can be written as
and
is the resonance function, with N β = L/λ β the number of betatron periods that the electron undergoes and α f = e 2 / c 1/137 the fine structure constant. Hereθ = γ z0 θ and the 
A. Resonance Function
Provided the number of betatron periods is large, N β 1, radiation is emitted in a series of harmonics and is confined in a narrow bandwidth about the resonant frequency of each harmonic. The frequency width of the radiation spectrum for a given harmonic is determined by the resonance function R n (k), where
This function is sharply peaked about the resonant frequency, ω n = ck n , given byk = 0,
where γ 2 z0
1 was assumed. Typically, for frequencies of interest, the synchrotron radiation is confined to a cone angle θ 2 1 and the resonant frequency can be approximated by
is the relativistic Doppler upshift factor. The intrinsic frequency width ∆ω n of the spectrum R n about ω n is given by ∆ω n /ω n = 1/nN β . Furthermore,
For a single harmonic n, the angular width ∆θ I about the axis of a cone containing radiation with frequencies in a small bandwidth ∆ω about ω n is given by Of particular interest is the radiation emitted along the axis, θ = 0, where only the odd harmonics are finite, i.e., the even harmonics vanish. Setting θ = 0 in the above expressions
gives, for the n th odd harmonic, α x = 0, α z = α n , and
is the harmonic amplitude function,
is the frequency spectrum function with the resonant frequency ω n = nM 0 ck β .
An expression for the number of photons (N n ) radiated along the axis per solid angle, dN n /dΩ, per electron for photons in a narrow bandwidth ∆ω about the resonant frequency ω n is obtained by integrating Eq. (52) over ∆ω and by dividing for the energy per photon
where ∆ω I = ∆ω for ∆ω ≤ ∆ω n and ∆ω I = ∆ω n for ∆ω ≥ ∆ω n , with ∆ω n = ω n /nN β the intrinsic bandwidth and α f the fine structure constant. The total number of photons radiated per electron in the bandwidth ∆ω about ω n is given by multiplying dN n /∆Ω by the solid angle 2π(∆θ 2 I /2) 1/2 , where ∆θ I is given by Eq. (51). This yields
for all values of ∆ω Fig. 3 for the first eight odd harmonics, where n = 1 is the uppermost curve and n = 15 is the lowermost curve.
C. Ultra-Intense Behavior
For values of a 2 β 1, the scattered radiation will be narrowly peaked about the fundamental resonant frequency, ω 1 , given by Eq. (50) with n = 1. As a β approaches unity, scattered radiation will appear at harmonics of the resonant frequency as well, ω n = nω 1 .
When a β 1, high harmonic (n 1) radiation is generated and the resulting synchrotron radiation spectrum consists of many closely spaced harmonics. Finite variations in the parameter a β = γ z0 k β r β within an electron beam can broaden the linewidth and cause the spectrum to overlap. Hence, in the ultra-intense limit, i.e., a β 1, the gross spectrum appears broadband, and a continuum of radiation is generated which extends out to a critical frequency, ω c , beyond which the radiation intensity diminishes. The critical frequency can be written as ω c = n c M 0 ω β , where n c is the critical harmonic number. It is possible to calculate n c by examining the radiation spectrum, Eq. (36), in the ultra-intense limit,
Furthermore, when a β 1, radiation is generated in a narrow cone about the backscatter direction, Ω 2πθ for the first eight odd harmonics, where n = 1 is the leftmost curve and n = 15 is the rightmost curve.
by the deflection angle of the electron in the x-z plane.
Asymptotic properties of the radiation spectrum for large harmonic numbers, n 1, can be analyzed using the relationships [39] J n (nẑ) x
where |ẑ| < 1 and is a function of a β and θ,
and K 1/3 , K 2/3 are modified Bessel functions. In particular, for nx 1,
and, hence, only harmonic radiation with nx < ∼ 1 will contribute significantly to the spectrum. The critical harmonic number is defined as n cxmin = 1, i.e., n c = 1/x min , wherex min is the minimum value of Eq. (60). Furthermore, dx/dẑ < 0 and the minimum ofx occurs at Using Eqs. (36), (58) and (59), the asymptotic spectrum in the vertical direction is
is the critical frequency, and M 0 4γ Along the axis θ = 0,
is maximum at ξ = 1/2 and decreases rapidly for ξ > 1. A plot of the function Y (ξ) versus ω/2γ 2 z0 ω β is shown in Fig. 4 (top plot -linear scale; bottom plot -log scale).
The solid curve shows the radiation from a single electron with a β = γ z0 k β r β = 10. The dashed curve shows the Y (ξ) spectrum integrated over a Gaussian distribution of betatron amplitudes r β (i.e., an electron beam with a Gaussian radial profile, as is discussed in the following section) with a rms value satisfying a β,rms = γ z0 k β r β,rms = 10. To calculate these averages, the quantity ξ = ω/ω c has been approximated by ξ (ω/2γ
since the asymptotic form for the spectrum is not accurate when a β < 1, i.e., the dashed curve in Fig. 4 is inaccurate in the region ω/2γ
Equation (64) is analogous with 2N β [34] for the synchrotron radiation spectrum emitted from an electron moving in an instantaneously circular orbit in the ultra-relativistic limit with a radius of curvature ρ = 3γ 
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The peak intensity is of the order 2N β e 2 γ z0 /c and the total radiated energy is of the order 2N β e 2 γ z0 ω c /c. The peak intensity occurs at along the axis θ = 0, at approximately the critical frequency, ω ω c , i.e., n n c = 3a 3 β /4. Half the total power is radiated at frequencies ω < ω c /2 and half at ω > ω c /2. For harmonics below n c (ω ω c ), the radiation intensity increases as (ω/ω 0 ) 2/3 , and above n c (ω ω c ), the radiation intensity decreases exponentially as exp(−2ω/ω c ), i.e.,
Furthermore, for ω ω c , the scattered radiation at a fixed frequency is confined to an
The average angular spread for the frequency integrated spectrum in the vertical direction
IV. RADIATED POWER AND ELECTRON ENERGY LOSS
The power radiated by a single electron, P s , undergoing relativistic motion in an arbitrary orbit can be calculated from the relativistic Larmor formula [34] 
Using the orbits described in Sec. II, the power radiated by a single electron undergoing betatron motion in a plasma focusing channel is
wherex is given by Eq. (9) and r e = e 2 /m e c 2 is the classical electron radius. Averaging the above expression over a betatron period gives 
The average number of photons radiated by a single electron N s is given by dividing W s by the average photon energy, ω = 2γ
where n is the average harmonic number and α f = e 2 /c . In the limit a 
In the blowout regime,
, and the rate of energy loss scales as W loss ∼ n GeV/m, which is a significant fraction ( 18%) of the predicted wakefield acceleration rate of 8 GeV/m.
V. RADIATION FROM A BEAM
For a single electron undergoing betatron motion in a plasma focusing channel, the resonant frequency of the radiation emitted along the axis is ω = 2γ For an axisymmetric beam,
22
For simplicity, a Gaussian radial beam distribution f e (a β ) is assumed For a large number of betatron periods, the radial integration can be approximated analytically. Let
where R n is the resonance function given by Eq. (48). At resonance k = k n (a β ) or, alternatively, a β = a r (k), where
Furthermore, in the limit
Hence, for N β → ∞, S S Ŝ S ∆a β δ(a β − a r ) and
In this limit, the spectrum of the radiation emitted along the axis (θ = 0) from a Gaussian beam profile is
where sum is over odd harmonics n and F n (a r ) is given by Eq. (53) evaluated at a
the argument of the Bessel functions is
This is to be compared with Eq. (52), which gives the on-axis spectrum for a single electron. orbits is clearly to smooth out the spectrum, since the frequency of the radiation emitted by a single electron is a strong function of a β .
In general, the integration over the beam distribution in Eq. (77) 
The results of averaging over only φ for a β = 2 is shown in Fig. 8(a) , whereas the results of averaging over both φ and a β are shown in Fig. 8(b) . The effects of averaging over a β leads to a dramatic smoothing of the radiation spectrum.
VI. ION CHANNEL LASER
Under special conditions, e.g., sufficiently high electron beam quality, self-amplified spontaneous emission (SASE) can occur whereby the incoherent synchrotron radiation emitted by the electrons is amplified via the ion channel laser (ICL) mechanism [14] . In the ICL instability, the radiation beats with the betatron motion to create an axial v × B (i.e., ponderomotive) force that leads to bunching of the electron beam and growth of the radiation field. This can lead to large levels of semi-coherent or coherent radiation. In SASE, the incoherent, spontaneous radiation acts as a seed for the instability, in a manner analogous to the SASE mode of operation in a free electron laser (FEL) [30] .
There are important differences between the ICL and FEL mechanisms, however, that limit the SASE mode of operation. For electrons undergoing betatron motion in a plasma focusing channel, the resonant frequency of the radiation emitted along the axis is ω = 2γ This effect may be mitigated somewhat by using a drive beam with a highly elliptical cross section, such that the resulting wakefield (or blowout channel) will be highly elliptical. This could result in transverse focusing forces that are more planar and, consequently, betatron oscillations and synchrotron radiation with nearly the same polarization.
It is straightforward to quantify some of the conditions necessary for SASE to occur in a plasma focusing channel. In the following discussion, it is assumed that k 
It is interesting to note the similarity of this condition with that usually required of a SASE FEL [30] , λ > 4π n /γ.
The condition ∆ω/ω 1, however, is not sufficient for the SASE process to occur.
A more stringent condition is that the normalized axial energy spread ∆γ z /γ z be small compared to the so-called Pierce or gain parameter ρ, i.e., ∆γ z /γ z ρ, where by analogy with an FEL,
where k pb = 4πn b e 2 /m e c 2 , n b is the beam density, and
In terms of the beam current I b = ecπn b r 2 b , and evaluating the expression for ρ at r β = r b ,
where I A = m e c 3 /e = 17 kA. Using the equations of motion for an electron in a focusing channel, Eqs. (8) Even if the condition ∆γ z /γ z < ρ is satisfied, it is not clear that the SASE process would occur. In a conventional FEL, SASE requires that a number of conditions be satisfied (in Furthermore, for the case of an ICL driven by a narrow beam with a centroid undergoing betatron oscillations, it is likely that the gain (i.e., ρ) is reduced since the geometric overlap between the electron beam and the radiation is reduced, due to the betatron motion of the centroid. Such novel ICL configurations require a detailed analysis.
VII. SUMMARY
Spontaneous radiation emitted from an electron undergoing betatron motion in a plasma focusing channel was analyzed starting from basic principles. Application of these results to the E-157 experiment and to the ICL were examined. Important similarities and differences between SASE in an FEL and in an ICL were delineated. In particular, the spontaneous radiation emitted along the axis of a plasma focusing channel from a single electron occurs near the resonant frequency ω n = 2γ 
